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TCS (time centered symplectic) schemes were first proposed by Feng [l] This kind 
of scheme is the generalization of time centered Euler schemes with second order accuracy 
extended to any m’th order accuracy for Hamiltonian systems. The TCS schemes have 
the advantage of preserving all quadratic conservation laws not only for linear Hamiltonian 
systems but also for general nonlinear Hamiltonian systems [2]. All linear conservation laws 
are preserved as well [2]. The latter result is true for any symplectic difference schemes 
constructed by the routine in [1,3]. Actually, the linear symplectic scheme is a conservative 
scheme, therefore, the stability of symplectic schemes is related to their conservation laws. 
In this note, we will strengthen the result in [l]. The construction of symplectic schemes is 
referred to [3,4]. 
2. SOME PRELIMINARY RESULTS ON LINEAR HAMILTON SYSTEMS 
We consider numerical methods for a general Hamiltonian system 
e = BHZ 
dt (2-l) 
where Z E R2n, B is a 2n x 2n antisymmetric and nondegenerate matrix, and H is a 2n x 2n 
symmetric matrix. According to [5,6], BH is called a B-Hamiltonian matrix, and 
BH= -B . (BH)+ . B-’ (2.2) 
LEMMA 1. Suppose B, H are weJJ defined, if X is an eigenvalue of BH, then -A, i, -i ate 
also eigenvalues of BH. The eigenvalues of BH thus come in 4tuple.s. 
The result was given in [6] for a J-Hamiltonian matrix, J being the canonical form of B, 
J= ’ In 
-I, 0 I 
(2.3) 
where In is an n x n unit matrix. Obviously, it remains true for a B-Hamiltonian matrix. 
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LEMMA 2. The solution of the linear Hamiltonian system (2.1) for each initial value 2’ E 
R2” is bounded for 0 5 t < oo if and only if all elementary divisors of the Hamikonian 
matrix BH are linear and ReA = 0, where A is an eigenvalue of BH. 
Lemma 2 can be easily proved by the theory of linear differential equations [7] and 
Lemma 1. From Lemma 1 and Lemma 2, we get 
LEMMA 3. The solution of (2.1) is bounded for 0 < t < co if and only ifHamiltonian system 
(2.1) has a positive quadratic conservative quantity. 
COROLLARY 3. If H is a positive matrix, then the solution of system (2.1) is bounded. 
DEFINITION: Let 11 . 11 denote the well defined norm on R2”. If there exists a positive 
constant C, such that 
V(t) II L Cll z” IL forO<t<cq for any 2’ E R2” (2.4) 
where Z(t) is the solution of the Hamiltonian system 
Zlt=o = 2’ E R2” (2.5) 
then the system (2.9) is called stable. 
From Lemma 3, we conclude that a linear Hamiltonian system is stable if and only if the 
linear system has a positive quadratic conservative quantity, which is a classical result. [7]. 
Here we need Lemmas 1 through 3 to study the stability of the linear symplectic schemes. 
3. ANALYSIS OF THE STABILITY OF LINEAR SYMPLECTIC SCHEME 
Consider the TCS scheme of the Zm’th order accuracy for a general Hamiltonian system 
PI, 
g = B&(Z), Z E R2”. 
The TCS scheme is written as follows: 





s(l) = h(z) 
and 
sG+l)(W) = 1 
,,g2;., (2i : l)! m! 
- - 




$ (BS$l))il . . . (BS$-))in 
1 
ki 
ki is odd 
i = 2,3,. . . , 
where 7 is the time stepsize, m = 4 (zi+l + zi), and h = h(Z) is an analytic function in 2. 
When h is a quadratic function, scheme (3.2) can be rewritten aa follows [l]: 
zh+’ = q-1 2m_1(-7BH)\k2m-1(7BH)ZL: (3.3) 





os)_1 = 22k (22k - 1) &k/(21)! 
(3.4) 
(3.5) 
&k is a Bernoulli number. 
DEFINITION : The linear difference scheme 
zk+’ = q+zk (3.6) 
is called L-stable, if there exists a positive constant C, such that the solution of (3.6) satisfies 
IlW)II 2 cII~“II, for all n, VZ” E R2” (3.7) 
According to [1,2], we know that the TCS schemes preserve all quadratic conservative 
quantities, so we get the following: 
LEMMA 5. Tbe TCS scheme used for solving a linear stable Hamiltonian system is L-stable. 
LEMMA 6. AlI eigenvalues {X} of a symplectic matrix 
S = \11r~~_1(-7BH)~2,_1(7BH) (3.8) 
bave linear elementary divisors and ]A] = 1 if and only if the eigenvalues {A} of the Hamil- 
tonh matrix BH bave linear elementary divisors and Re X = 0. 
Lemma 6 can be easily proved by means of Lemma 1 to Lemma 3. According to [8], the 
eigenvahres of a symplectic matrix come in Ctuples X, 1, l/X, l/x. Therefore, the linear 
symplectic scheme 
Zk+’ = j&Z’ and K,TJK,=J (3.9) 
where K, is named as the symplectic matrix, is L-stable if and only if any eigenvalue of 
symplectic matrix K, has linear elementary divisors and is unimodular. Hence our result 
follows. 
THEOREM A. The TCS schemes used to solve a linear Hamiltonian system is L-stable if 
and only if the linear Hamiltonian system bss a positive quadratic conservative quantity. 
THEOREM B. Tbe linear symplectic scheme (3.9) is L-stable if and only if it bas a pasitive 
quadratic conservative quantity. 
PROOF: The linear symplectic scheme (3.9) is L-stable if and only if the eigenvalues of K, 
have linear elementary divisors and are u&nodular. Because the eigenvalues of K, come 
in Ctuples A, X, l/A, l/X. S o according to matrix theory, we can find a real nonsingular 
matrix P, such that 
Al . . . 0 
P-‘K,P= : : : 
I 0 * *I 
(3.10) 
. * * &I flX?l 
where 
and 
a;+p;=1, i=l, . ..) n. 
Therefore, we transform 2 to W such that 
(3.11) 
(3.12) Wk+’ = P-‘K,PW’ . 
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From (3.12), we get 
Hence 
(wz”;‘-:)‘+ (wz”:‘)” = (w2:_l)2 + (wg2. 
Namely, there is a positive quadratic conservative quantity: 
(P-‘Z”)T (P-1Z’c) = constant. 
The matrix 
& = (p-‘)T p-1 




where Cl is a constant independent of the iteration step 1. The theorem is proved. 
From Theorem B, we conclude that a better scheme for approximating a linear stable 
Hamiltonian system is the symplectic scheme with a positive quadratic conservative quantity. 
Other methods (nonsymplectic schemes, especially explicit schemes) are much more likely 
to be L-unstable for stable linear Hamiltonian systems, such as forward and backward one 
step Euler methods, and one step methods constructed by truncating Taylor series of the 
flow of linear Hamiltonian systems. This is because the necessary condition for the stability 
of a linear Hamiltonian system Re X = 0, where X is an eigenvalue of BH. A scheme which 
is only A-stable is not suitable for numerical computation of Hamiltonian systems. It is 
very interesting that some implicit Runge-Kutta schemes [9] are symplectic when applied to 
linear Hamiltonian systems and also have quadratic conservation laws. It is essential that 
a scheme has a positive quadratic conservation law for stable linear Hamiltonian systems. 
The symplectic approximation may provide this property. We can prove that any consistent 
symplectic scheme approximating a linear strongly stable Hamiltonian system is L-stable. 
THEOREM C. Suppose a symplectic scheme is convergent for a linear Hamiltonian system, 
and if this scheme is L-stable, then the linear Hamiltonian system has a positive conservative 
quantity. 
4. SOME REMARKS 
REMARK 1: If the TCS scheme is replaced by 
Z”+’ = 'P(dlH)Z" 
where Q(X) is analytic function with real coefficients [1,4] in a neighborhood D of X = 0, 
and satisfies 
8(X)9(-A) = 1 
in D, Qx(O) # 0, the result of theorem A is true for this type of symplectic schemes for 
linear Hamiltonian systems. 
REMARK 2: A sufficient criterion of instability is given in the following [lo]. For a symmetric 
matrix P, such that 
P-lHP = 
K AT 
i 1 A N 
and K = KT > 0, N = NT < 0, we have Re/l # 0, where A is the eigenvalue of J- 
Hamiltonian matrix JH. Therefore, we can ensure that the TCS scheme approximating 
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this linear Hamiltonian system is L-unstable by Theorem A. In other words, if RX A = 0, 
the symmetric matrices N, K do not have the definiteness with opposite sign. 
REMARK 3: For a two-dimensional linear Hamiltonian system, the criterion for stability is 
much simpler. The linear autonomous Hamiltonian system in two dimensions is L-stable if 
and only if the trace of Hamiltonian matrix BH is zero, namely, H is a positive matrix, so 
the TCS scheme has the positive quadratic conservation laws. 
A general linear symplectic scheme 
zk+’ - K,Zk - 
in two dimensions is L-stable if Itr K, 1 < 2, and unstable if Itr K, 1 > 2. If tr K, = 2, or 
-2, the scheme is L-stable provided the matrix is I or -I. 
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